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H2 quantum aspects 
Rotational degrees of freedom 

J = 1

J = 0

E01 ' 14.6 meV ! T ' 169 K
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2
(| "iA| #iB � | #iA| "iB)

Molecules in the J = 0 (fundamental level) are very well approximated by structureless entities 
Interaction very well approximated by an isotropic (T independent) potential (Silvera-Goldman) 
I. F. Silvera and V. V. Goldman, J. Chem. Phys. 69, 4209 (1978) 



Translational degrees of freedom (crystal) 

and TD is the Debye temperature. (The Debye
temperature for solid hydrogen is 120K, and 109K
for deuterium [9].) From the Debye temperature
the vibrational amplitudes of the molecules can
be estimated. Namely, the mean-square vibrational
amplitude hu2i of the central atom and its wave
function !(r) are respectively [26]:

hu2i ! 9h2

16p2mkBTD
,

!ðrÞ $ exp %ðr% r0Þ2

hu2i

! "
,

ð2Þ

where h is Planck constant, m is double hydrogen mass
and r0 is the position of the minimum of the effective
potential acting on the central atom (due to all
surrounding molecules). The wave function ! is
assumed to be an isotropic Gaussian-type function,
i.e. any dependence between the energy and the
direction of the vibrations is neglected. The
u¼ (hu2i)1/2! 0.7 Å corresponds to the width of the
Gaussian wave function (if we use TD¼ 120K).

On the upper panel of Figure 1 we plotted the
Silvera–Goldman potential and for comparison on the
lower panel of Figure 1 the normalised probability
distribution " of the position of the molecule in the
crystal (i.e. the square of the wave function !(r)). The
width of " (i.e. u/21/2) and the width of the potential are
comparable. Therefore the zero-point vibrational
amplitude is very large indeed and the molecules in
the quantum crystal cannot be regarded as classical
point-like entities placed at the potential minimum.

2.2. The Einstein potential in a classical crystal

For the classical Einstein model the formula for the
effective potential is:

V class
eff ðRÞ ¼

X

A0

VðjR% RA0 jÞ, ð3Þ

where the subscript A0 enumerates all atoms (with the
exception of the central atom) placed at their
equilibrium position. If such a formula is used in a
quantum crystal, it will perform poorly. Moreover
when one uses only the harmonic part of V class

eff and
neglects the anharmonic parts one gets sizable errors as
was shown in the case of rare gas crystals [3]. On top of
this the potential can be anisotropic, i.e. depending on
the direction of R.

2.3. Test computations for classical Einstein model

To gain some physical insight into the anisotropy, we
did the scans of the effective potential along various
directions of R for 05 jRj5 0.5 Å. We fitted the
potential assuming only harmonic and quartic terms.
We found that the harmonic part of V class

eff ðRÞ potential
is essentially isotropic. The anisotropy of harmonic
constants along different directions was smaller
than 1%.

The small anisotropy in the harmonic part can be
an argument for making a simplification.
Thus we compute a spherical average of the
potential. Namely, the potential was computed along
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Figure 1. Upper panel: VSG(r) – Silvera–Goldman potential (in mHartree) versus r (in Å) for the H2–H2 interaction. Lower panel:
probability density distribution "(r) for zero-point vibrations of the central atom.
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Anharmonic crystal even at 
low temperatures. 

Breakdown of the harmonic 
approximation around 

equilibrium position

Quasiclassical Tm well above Ttp (25 K, ie., ~ 1.8 Ttp ) 
para-H2: experimental Ttp = 13.8 K (hcp)  

q
hu2iqc = 0.75 Å

Thermal expansion ~ 0 
below a threshold 

temperature



Experiment

Half filled with 
6 g of Oxisorb (CrO3) 

Liquid H2 were left in 
this catalytic cylinder 
during 5 days before 
loading to the sample can 
while cooling to 13 K15 K

19 K



Experimental: Inelastic TAS Spin Echo 

kf = 2.66 Å�1

(Q,!) = (2.5 Å�1, 14.7 meV)

Incoherent SE = 1/3 Coherent SE  
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p-H
2
, T=6K; IN20-TASSE, constant k

f
; (Q,w) = (2.5 Å,14.7 meV)

BA Scans



Results 
Bragg scattering 
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Rough scans Fine scans around 2.8
F1 OFF, E = 0 meV, T = 13.2 K

F2 ON

F2 OFF

Al

(1̄02) hcp

- Monocrystalline sample 
- High-purity para-H2

c0 = 0.001± 0.002

Qp = 2.8004± 0.0008 Å�1, T = 13.17 K, i.e., 0.95Ttp

Qp = 2.8023± 0.0006 Å�1, T = 3.1 K, i.e., 0.22Ttp

Qp(13.7)/Qp(3.1) = 1.0007

hcp with RNN = 3.78 Å

Qp

Gaussian fitF2 OFF



Results 
Incoherent Q-scans 
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81.33±3.11

u 0.903±0.011 Å
Re 0.740 Å (fixed to H-H distance)
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NOTE: signal recovers wrt T<12K
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NOTE INTENSITY DROP WRT T<13K
PROBABLE CAUSE: T excursion to 15K (liquid)
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Results 
Incoherent Q-scans 
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Results 
Spin echo scans 
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, T=6K; IN20-TASSE, constant k

f
; (Q,w) = (2.5 Å,14.7 meV)

BA ScansE ' 14.7 meV, Q = 2.5 Å�1, T = 6 K



Results 
Inelastic Spin Echo 
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⌧ = 360± 40 ps , ~/⌧ = 1.8± 0.2 µeV
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